The strong geodetic problem is a recent variation of the classical geodetic problem. For a graph G, its strong geodetic number sg(G) is the cardinality of a smallest vertex subset S, such that each vertex of G lies on one fixed geodesic between a pair of vertices from S. In this paper, some general properties of the strong geodesic problem are studied, especially in connection with diameter of a graph. The problem is also solved for balanced complete bipartite graphs.
Introduction
Covering vertices of a graph with shortest paths is a problem with several different variations. The geodetic number [10] of a graph G, denoted by g(G), is the cardinality of the smallest subset of vertices such that the geodesics between them cover all vertices. For results up to 2011 see [2] . Applications of geodetic problem can be found in convexity theory [3, 11, 13, 17] and game theory [9] . Connection between geodetic number and diameter of a graph has been studied in [4] . See [1] for characterization of graphs with large geodetic number and [19, 20] for results on the edge geodetic problem. For additional results see [5, 6] and [21] .
Another variation is the isometric path number [7] which is defined as the minimum number of shortest paths required to cover all vertices of a graph G and is denoted by ip(G). See [8] for results about isometric path number of the Cartesian products of graphs and [16] for exact values for complete r-partite graphs and for some Hamming graphs.
The strong geodetic problem was introduced in [14] as another variation of the problem. It was motivated by applications in social networks and is defined as follows. Let G = (V, E) be a graph. Given a set S ⊆ V , for each pair of vertices {x, y} ⊆ S, x = y, let g(x, y) be a selected fixed shortest path between x and y. We set I(S) = { g(x, y) : x, y ∈ S} , and V ( I(S)) = P ∈ I(S) V ( P ). If V ( I(S)) = V for some I(S), then the set S is called a strong geodetic set. For a graph G with just one vertex, we take V (G) as its unique strong geodetic set. The strong geodetic problem is to find a minimum strong geodetic set S of G. Clearly, the collection I(S) of geodesics consists of exactly |S| 2 paths. The cardinality of a minimum strong geodetic set is the strong geodetic number of G and is denoted by sg(G). See also [12] for additional results on the strong geodetic number and [15] for an edge version of the problem.
The rest of the paper is organized as follows. In Section 2 we determine the strong geodetic number of balanced complete bipartite graphs while in Section 3 we consider the connection between strong geodetic number and diameter. We conclude the paper with some suggestions for further investigation. But first we define concepts needed.
All graphs considered in this paper are simple and connected. The distance d G (u, v) between vertices u and v of a graph G is the number of edges on a shortest u, v-path alias u, v-geodesic. The diameter diam(G) of G is the maximum distance between the vertices of G. The radius rad(G) of G is the minimum eccentricity of all vertices, i.e. rad(G) = min u∈V (G) max v∈V (G) d(u, v). We denote the order of a graph by n(G). A vertex v of a graph G is simplicial if its neighborhood induces a clique. We will use the notation [n] = {1, . . . , n} and the convention that V (P n ) = [n] for any n ≥ 1, where the edges of P n are defined in the natural way.
To conclude the introduction we state the following simple but fundamental result and recall the observation from [14] which asserts that a simplicial vertex necessarily lies in any strong geodetic set of a graph.
Moreover, sg(G) = 2 if and only if G ∼ = P n , and sg(G) = n if and only if G ∼ = K n .
Proof. The inequality 2 ≤ sg(G) ≤ n is clear (having in mind that n ≥ 2).
If G ∼ = P n , then sg(G) = 2 as {1, n} is a strong geodetic set. Now let G be a graph with n vertices and sg(G) = 2. Then there exist two vertices, say u, v ∈ V (G), such that S = {u, v} is a strong geodetic set. All other vertices of the graph G must therefore lie on a fixed u, v-geodesic. Hence graph G consists only of this geodesic (if there were other edges, the distance between u and v would change). Thus we have
If G ∼ = K n , then all vertices of G are simplicial and must therefore lie in any strong geodetic set. Hence sg(G) = n. Now let G be a graph with n vertices and sg(G) = n. Suppose there exist u, v ∈ V (G) which are not neighbours. Then u, v-geodesic has length at least 2, so there exists some w ∈ V (G) − {u, v} on it. Consider the set S = V (G) − {w}. Geodesics between u and other vertices in S − {v} cover all vertices in V (G) − {v, w} and the u, v-geodesic covers vertices v and w. Hence S is a strong geodetic set and sg(G) ≤ n − 1 which contradicts sg(G) = n.
Complete bipartite graphs
In this section we study the strong geodetic problem on complete bipartite graphs and determine the exact values for graphs K n,n and K n 1 ,n 2 where n 1 ≫ n 2 . In the case when min{m, n} = 1, the strong geodetic problem is trivial. Therefore we only consider the case m, n ≥ 2.
The geodetic number of complete bipartite graphs [10] is
and the isometric path number [16] equals
; max{m, n} > 2 min{m, n}, ; otherwise.
On the other hand, the strong geodetic problem on complete bipartite graphs is more complex and has not been studied before.
Every geodesic in a complete bipartite graph is either an edge or a path of length 2 with both endvertices in the same part of the bipartition. If a strong geodetic set S has k vertices in one part of the bipartition, then geodesics between those vertices can cover at most k 2 vertices in the other part (as for each pair of vertices from S we can fix a geodesic through one vertex in the other part). Hence the strong geodetic problem for complete bipartite graph can be transformed into a (nonlinear) integer program. But first we need to specify some notation.
Let (X, Y ) be the bipartition of K n 1 ,n 2 and
With geodesics between vertices from S 1 we wish to cover vertices in Y − S 2 . And vice versa, with geodesics between vertices from S 2 we are covering vertices in X −S 1 . The optimization problem for sg(K n 1 ,n 2 ) now reads as follows:
(1)
In the rest of the section we consider two special cases, n 1 = n 2 and n 1 ≫ n 2 , and determine the strong geodetic number for them.
First we focus on the case when n 1 = n 2 = n. By solving concrete optimization problems, we get sg(K 2,2 ) = sg(K 3,3 ) = 3, sg(K 4,4 ) = 5 and sg(K 5,5 ) = 5. For larger values of n we have the following formula which was conjectured, using a computer experiment, by Petkovšek [18] .
is not a perfect square,
For an optimal strong geodetic set
is not a perfect square, otherwise we have
and s 2 = s 1 − 1.
Intuitively, the optimal value is reached when the strong geodetic set contains approximately the same number of vertices in each part of the bipartition. This is formally shown below and motivates the next technical lemma.
Lemma 2.2 Let T = T 1 ∪ T 2 be a strong geodetic set of K n,n , n ≥ 6, with bipartition (X, Y ), where
Proof. Without loss of generality we assume
. . , y n }, where x i ∈ X and y i ∈ Y for all i ∈ [n]. Without loss of generality we assume
As T is a strong geodetic set,
and
Define the set
From the assumptions of the lemma it follows that 0 ≤ t i ≤ n for i ∈ [2] . We now prove that T ′ is a strong geodetic set.
As t 2 ≥ 1 we have
2 + 1. From this and (3) it follows that
It now suffices to show that all the vertices in Y − T ′ 2 can be covered with geodesics between vertices in T ′ 1 . From (3) it follows that with geodesics between t 2 vertices {x 1 , . . . , x t 2 } we can cover n − t 2 − k vertices {y t 2 +k+1 , . . . , y n }.
We only need to prove that using the remaining k −1 vertices from the set T ′ 1 we can cover the remaining
We can also cover the remaining vertices with geodesics between vertex x 1 and vertices from {x t 2 +1 , . . . , x t 2 +k−1 } whenever t 2 ≥ k − 1. The only unsolved case is k = 3 and t 2 = 1, which is impossible as n > 4.
Hence T ′ is a strong geodetic set, such that
Now consider the case min{t 1 , t 2 } < 1. This means t 2 = 0. In this case T can be a strong geodetic set if and only if t 1 = n. Define the set
For the proof of Theorem 2.1 we need the following fact.
Lemma 2.3 For every odd perfect square s there exists an integer k such that s = 8k + 1.
Proof.
As s is an odd perfect square, there exists an integer l such that s = (2l + 1) 2 = 4l(l + 1) + 1. As l(l + 1) is even, we have s = 8l ′ + 1.
Now we can prove the main result of this section.
Proof.
[of Theorem 2.1] It follows from Lemma 2.2 that we only need to study strong geodetic sets S = S 1 ∪ S 2 for which |s 1 − s 2 | ≤ 1. This gives rise to two cases. 
It follows from the first quadratic inequality that s 1 ≥
and from the second that
. As for all integers n ≥ 2 it holds
minimum of 2s 1 − 1 is reached at
and equals 2 
, thus the minimum of 2s 1 is reached at
and equals 2
We must now consider which case gives rise to a smaller value of s 1 + s 2 and is thus equal to the strong geodetic number. Let a =
, sg a = 2a − 1 and sg b = 2b. Again we study two cases as 8n − 7 can be a perfect square or not. Hence sg a < sg b and the optimal value is reached for s 2 = s 1 − 1. Additionally we notice that a = b so sg(K n,n ) = 2b − 1. 
Hence sg b = m < m + 1 = sg a .
The optimal value is reached for s 1 = s 2 . It follows from the above that if 8n − 7 is not a perfect square, we have sg(K n,n ) = 2b.
To conclude the section we determine sg(K n 1 ,n 2 ) for the case when n 1 ≫ n 2 . More precisely:
Proposition 2.4 If n 1 , n 2 ∈ N, n 1 , n 2 ≥ 2, and Proof. Let (X, Y ) be a bipartition of the graph K n 1 ,n 2 and
Suppose n 2 = 2, then s 2 ∈ {0, 1, 2}. For each of these three possibilities we consider the possible values of s 1 (cf. Table 1 ), such that all the vertices of the graph are covered.
Clearly, the smallest value is reached for S = X. Hence we have sg(K n 1 ,2 ) = n 1 . Suppose n 2 ≥ 3. Thus
≥ n 2 (which does not hold for the above case). In addition, the sequence { k 2 − k} k∈N,k≥3 is increasing. If the strong geodetic set contains s 2 vertices from Y , then these vertices can cover
vertices from X can cover all still uncovered vertices in Y . Hence the optimization problem (1) can be simplified to:
As the sequence { k 2 − k} is increasing, the sequence n 1 − k 2 − k is decreasing and its minimum is reached at the largest possible value of k. The solution of this optimization problem is s 2 = n 2 . Hence sg(K n 1 ,n 2 ) = s 1 + s 2 = n 1 + n 2 − n 2 2 .
Remark 2.5 The above proposition holds (with the same proof ) in a more general case when for all values of s 2 such that 0 ≤ s 2 ≤ n 2 , it holds
3 The strong geodetic number versus diameter
Chartrand et al. [4] studied the geodetic number of a graph with specified diameter. In this section we derive similar results for the strong geodetic number.
Taking into account the diameter of a graph we can improve Proposition 1.1 as follows.
Then it is clear that S is a strong geodetic set and therefore, sg(G) ≤ n − d + 1.
The example showing that the inequality in Proposition 3.1 is best possible is the same graph that attains the equality in g(G) ≤ n(G) − diam(G) + 1 in [4] .
Using a graph from [4] with raduis r, diameter d and geodetic number k we derive the following result (but only for k ≥ 3). and the radius may not be chosen arbitrarily.
In [8] we find the following property of the isometric path number, which can be generalized to the strong geodetic number. For a graph G it holds
It is stated in [8] that the equality is reached for paths, cycles, complete graphs and hypercubes on 2 2 k −1 vertices, which is not entirely correct. The equality holds for paths as ip(P n ) = 1 = n (n−1)+1 and for complete graphs of even order as ip(
, thus the equality is never reached. Similarly it does not hold for complete graphs of odd order as ip(
is however attained also for cycles and odd complete graphs.
We now consider the analogous relation for strong geodetic number.
Proof. Let n = n(G) and d = diam(G). As the diameter of the graph G equals d, each geodesic has length at most d and thus covers at most d + 1 vertices. As the graph is covered with
geodesics, it follows that
which in turn implies
One of the corresponding zeros is negative and since sg(G) is an integer, we conclude that
Equality is attained for K 1 and P n (n ≥ 2) as d = n − 1 and sg(P n ) = 2. Furthermore, equality can only be reached if every vertex (including endpoints of geodesics) is covered exactly once. Thus sg(G) ≤ 2, which implies sg(G) = 2, hence G must be isomorphic to a path.
Observe that in Proposition 3.4 every vertex from the strong geodetic set is covered sg(G)-times. Thus we can develop a better bound for sg(G). But before that we consider a special case when the diameter of a graph equals 1. Only such graphs are complete graphs and for them we know that sg(G) = n.
The main result of this section reads as follows.
The proof uses the observation n(G) ≤ sg(G) + sg(G) 2
(diam(G) − 1) and is similar to the proof of Proposition 3.4. The equality is attained for example for paths. We now consider some other equality cases.
Let P be the Petersen graph with vertex labeling as shown in Fig. 1 . It follows from Theorem 3.5 that sg(P ) ≥ 4. The set S = {u 0 , u 3 , v 1 , v 2 } is a strong geodetic set, so the equality is attained.
Figure 1: A strong geodetic set of the Petersen graph.
We now consider more general graphs of diameter 2 which attain the equality in Theorem 3.5. Let G be a graph of diameter 2. Let S be its strong geodetic set of size sg(G). Thus n(G) = sg(G) +
and all geodesics must be of length 2. Hence vertices of graph G can be partitioned in two parts: vertices lying in S and vertices which lie in exactly one geodesic between vertices in S. The set S is an independent set, otherwise the geodesic between connected vertices would not be of length 2. Consider the following construction of a graph G k for an integer k. Take a subdivision of K k with vertices V (K k ) ∪ E(K k ) and add edges e ∼ f for each pair e, f ∈ E(G) (cf. Fig. 2) . Clearly, the diameter of G k is 2. The set V (K k ) with subdivided edges as fixed geodesics is a strong geodetic set, thus sg(G k ) ≤ k. But it follows from n(G k ) = k + k 2 and Theorem 3.5 that k ≤ sg(G k ). Hence, sg(G k ) = k and the equality in Theorem 3.5 is attained for G k .
The above observations can be generalized to an arbitrary diameter. Let G be a graph with diameter d, strong geodetic number k and n(G) = k
If S is a strong geodetic set of size k, then it is independent and between each pair of vertices from S, there exist completely disjoint paths of length d (thus each path contains d − 1 vertices). These paths are geodesics, so there are no other edges between vertices on the same path. However, edges between vertices on different paths must be added in such a way that G has diameter d.
Consider the following graph G k,d . Take a (d − 1)-times subdivision of a graph K k Add edges x ∼ y to the graph G k,d for all x, y ∈ V, x = y (cf. Fig. 3 ). Observe that when d is even, the set V is unique and equals {e As the set V (K k ) is a strong geodetic set and n(G k,d ) = k + (d − 1) k 2 , it holds sg(G k,d ) = k. Therefore, the inequality in Theorem 3.5 is attained for G k,d .
Further research
In this paper we have studied the strong geodetic problem for complete bipartite graphs. The first natural problem is to determine the strong geodetic number for all K n 1 ,n 2 and also to consider complete multipartite graphs. Discovering some more examples of graphs which attain the equality in Theorem 3.5 would also be of great interest, and ideally, to characterize such graphs.
